The discovery of non-zero neutrino mass leads us to ask what is the new physics responsible for its generation and, next, how to discriminate different contributions. We consider left-right (LR) symmetric models, in which the exchange of two different super-heavy particles contributes to the neutrino mass: right-handed neutrinos (type I seesaw) and isotriplet Higgs bosons (type II seesaw). The two types, in general independent, are here related by the LR symmetry.
Let us consider a model with gauge symmetry SU (3) c × SU (2) L × SU (2) R × U (1) B−L [1] . The gauge symmetry may be augmented by a discrete LR symmetry that acts as follows:
Higgs fields whose neutral components acquire VEVs v L,R and Φ is a bidoublet Higgs field whose two neutral components take VEVs v 1,2 . Notice that this discrete symmetry is an automatic gauge symmetry in SO(10) models. Then, the lepton Yukawa couplings are given by
whereΦ ≡ σ 2 Φ * σ 2 . The correct symmetry breaking pattern is obtained for
The light neutrino mass matrix in this LR-symmetric model is then given by
where m
I,II ν
are known as type I and II seesaw contributions, v 2 = v 2 1 +v 2 2 is the electroweak VEV and y = (v 2 /v)g + (v * 1 /v)g is the Dirac-type neutrino Yukawa coupling matrix after SU (2) Rbreaking. The discrete LR symmetry implies that g,g and therefore y are symmetric matrices. The Majorana-type Yukawa coupling matrix f , which in particular fixes the masses and mixing of right-handed neutrinos, enters in both m I ν and m II ν . We show now that the well-known eq.(2) hides a duality property [2] . For a given form of m ≡ m ν /v L and y, the structure of f which solves eq.(2) is not unique: if f is a solution, so iŝ
provided that the symmetric matrix y is invertible. This can be readily verified by the direct substitution of eq. (3) into eq.(2). One may ask next how many pairs of dual matrices are solutions of eq.(2). In the case of one generation this is simply a quadratic equation with 2 solutions f ± dual to each other. Notice that the relative size of m I ν and m II ν is inverted in the two cases. If one considers n unmixed generations (f and y diagonal), eq.(2) reduces to n replicas of the one-generation case, so that one finds 2 n solutions for the matrix f .
Switching on the flavor mixing does not change the number of the solutions. However, in the presence of mixing eq. (2) is a complicated non-linear matrix equation for f . Let us show that, nevertheless, it is possible to find a complete analytic expression for the solutions. We focus on the two-generation case, that requires a simpler algebra than the realistic three generation scenario and, still, illustrates all the relevant properties of the LR-symmetric seesaw. Since the matrix y is symmetric, one can go, without a loss of generality, to the basis where y is diagonal:
This is a system of coupled cubic equations for the matrix elements of f . In order to find the general analytic solution of the system, let us rescale all the matrices of interest according to
where λ is an as yet arbitrary complex number. Next, we fix the value of λ by requiring F ≡ detf = 1. The system of equations for f ij then becomes linear and can be readily solved. Expressing the primed variables back through the unprimed ones one finds
The condition F = 1 provides a 4th order characteristic equation for λ:
This equation has in general 4 complex solutions, leading to 4 different structures for the matrix f , as expected. Rewriting eq. (2) as xf = −yf −1 y and taking the determinants of both sides, one finds x 2 FF = y 2 2 y 2 3 , whereF ≡ detf . Since the condition F = 1 corresponds to F = λ, this equation leads to x 2 λλ = y 2 2 y 2 3 , which is a consequence of the duality between f andf . With the help of this relation, it is possible to express the 4 solutions of eq. (8) in a closed form:
where 
Eq.(9) gives two pairs of dual solutions, one of them corresponding to r + and another to r − . In each dual pair the solutions differ by the sign in front of the radical. Summarizing, the form of f is completely determined by eqs. (7) and (9) (9) and (10) imply that the condition |xλ 1 | |y i y j | can only be satisfied in the limit |m αβ m γδ | 4|y i y j /x| (α, β, γ, δ = μ, τ ). This condition ensures the existence of solutions with the dominance of one seesaw type. When |m αβ m γδ | 4|y i y j /x|, in general all four solutions are of mixed type.
In the realistic three-generation case, eq. (2) reduces to a system of six coupled quartic equations for the elements f ij . A procedure analog to the two-generation case allows to linearize this system [2] . The characteristic equation for λ is now of 8th order and its solutions lead to four pairs of dual solutions f andf . Here we limit ourselves to illustrate a realistic three-generation numerical example. The constraints on the choice of input parameters come from (i) possible analogy between the values of the neutrino Yukawa couplings y 1,2,3 and the well-known charged fermion ones; (ii) allowed ranges for v L,R ; (iii) values of mass squared differences and mixing angles from neutrino oscillation experiments. We take
which corresponds to tri-bi-maximal mixing (tan 2 θ 23 = 1, tan 2 θ 12 = 1/2, tan 2 θ 13 = 0) and Δm 2 sol /Δm 2 atm ≈ 0.038, in agreement with all current data [3] . Taking also the natural value x = 1 and y 1 = 10 −2 , y 2 = 10 −1 , y 3 = 1, one can easily compute numerically the eight solutions of eq.(2) for the matrix f . We give, for illustration, the form of one dual pair of such solutions: 
Notice that eq.(3) implies f 1 +f 1 = m. In the case of f 1 the dominant μτ -block in m reflects in a dominant 23-block in f . Type II seesaw dominates except in the 33-entry, where the seesaw is of mixed type. The same low energy input parameters are reproduced by the dual solution f 1 , which has a completely different structure: it is hierarchical, with the 33-entry much larger than the others. The relative size of type I and II contributions is inverted with respect to the f 1 case. Large mixing angles in m are generated from small ones inf 1 .
In conclusion, we have shown that there exists a duality among the structures of f that reproduce a given (experimentally accessible) form of m ν . The LR-symmetric seesaw formula has four pairs of dual solutions for f , which should be considered as different possibilities for model-building.
